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Abstract – We construct a non-linear electrodynamics arising from the spontaneous Lorentz
symmetry breaking triggered by a non-zero vacuum expectation value of the electromagnetic field
strength, instead of the electromagnetic potential. The expansion of the corresponding action in
terms of the physical photon excitations is naturally written in terms of generalized permeabilities,
in a manner similar to when the polarization is expanded in terms of the susceptibilities when
studying non-linear effects in standard optics. The new version of the Goldstone theorem is
investigated and implies that the lowest order permeability, been the analogous of the mass matrix
in the standard case, has zero modes. These are interpreted as the corresponding Goldstone modes
of the model and they are explicitly constructed for one of the two choices of vacua that the theory
admits. Further iterations of the method employed to obtain such theorem yield relationships
among the generalized permeabilities. Some preliminary results regarding the splitting of the two
degrees of freedom of the model into Goldstone and non-Goldstone modes are presented.
(I) Introduction. – Spontaneously Lorentz symme-
try breaking (SLSB) has played an important role in the
construction of models designed to probe the validity of
such symmetry. Indeed, the whole Standard Model Exten-
sion (SME) [1,2], which is one of the most used frameworks
to parameterize Lorentz-invariance-violating phenomena,
is assumed to arise as a consequence of SLSB occurring in
a more fundamental theory [3]. Moreover, in the gravity
sector of the SME it has been proved that explicit breaking
is inconsistent with the geometry of the curved manifold,
encoded in the Bianchi identities [4]. On the other hand
SLSB has also been studied as a mechanism to provide
a dynamical setting for the gauge principle in field theory
[5]. The basic idea is that gauge particles, such as photons,
gluons and gravitons would be realized as the Goldstone
bosons arising via SLSB from a non-gauge invariant the-
ory [6].
SLSB requires that non-zero vacuum expectation values
(VEV) are generated from tensor fields in such a way that
preferred directions are selected in space-time. Most of
the cases discussed in the literature consider the Goldstone
mode excitations to be associated with the zero eigenval-
ues of the mass matrix of the problem, as a consequence
of the standard interpretation of the Goldstone theorem.
This is also the case when SLSB caused by VEV of anti-
symmetric tensor fields Bµν is considered [7]. Here Bµν is
taken to be the potential for a field strength Hαβγ , (i. e.
H = dB), and its mass matrix is investigated. In this work
we further study spontaneous Lorentz symmetry breaking
in an effective non-linear electrodynamics (NLED), trig-
gered by a non-zero vacuum expectation value Cµν of the
field strength Fµν , which is provided by the minimum of a
potential V (Fµν ) arising from a fundamental theory. This
model was originally proposed in Ref. [8], where some par-
ticular limits leading to Lorentz invariance violating (LIV)
modifications of standard electrodynamics were discussed.
Since the theory is gauge invariant, all the excitations are
massless, and an alternative interpretation of the Gold-
stone theorem is required. The resulting Goldstone ma-
trix, exhibiting zero modes, is no longer a mass matrix
but rather a permeability matrix. In this letter we provide
a discussion of the corresponding Goldstone theorem, in-
cluding a general construction of the associated Goldstone
modes (GM), together with the properties and character-
ization of the related model.
(II) The equations in non-linear electrodynam-
ics. – We start from a formulation of NLED which is
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alternative to that of Ref. [9]. It has the advantage of not
requiring to invert the non-linear relations that define the
fields E,B in terms of D,H. The price one has to pay
is that the coupling to the electromagnetic current in the
unbroken action appears in a non-local way, since we insist
that our initial variable is the field strength Fαβ , instead
of the potential Aν . Our conventions are the same as in
Ref. [10]. The action is [8],
S =
1
2
∫
d4x
(
−V (Fαβ)− ǫ
νµαβFαβ∂νXµ + FµνJ
µν
)
,
(1)
with
Jµν =
∫
d4x′ [fµ(x− x′)Jν(x′)− fν(x − x′)Jµ(x′)] .
(2)
which is invariant under the gauge transformations Xµ →
Xµ+ ∂µX. The distribution f
µ(x− x′) was introduced by
Schwinger in his discussion of magnetic charge, together
with the description of different models of electromagnetic
sources in QED and satisfies ∂µf
µ(x − x′) = δ(4)(x − x′)
[11]. The equations of motion arising from the action (1)
are
ǫνµαβ∂νFαβ = 0, 0 =
∂V
∂Fαβ
+ ǫνµαβ∂νXµ − J
αβ . (3)
We have explicitly verified that the action (1) describes
two degrees of freedom (DOF) in coordinate space. The
fields Xµ play the role of Lagrange multipliers, which lead
to the existence of the potential Aν for the field strength,
as a consequence of the Bianchi identity provided by the
first equation in (3). The Lagrange multipliers can be
eliminated by taking the divergence of the second equation
in (3), leading to the non-linear Maxwell equations
∂α
(
∂V
∂Fαβ
)
= Jβ(x). (4)
Here we have explicitly used current conservation ∂βJ
β =
0, which is recovered from Eq.(4). To make contact with
the formulation of Ref. [9] we identify the excitation tensor
Pαβ = ∂V /∂Fαβ, which contains the fields D and H.
After the imposition of the Bianchi identity for the field
strength in (1) we recover the standard local action
S(Aα) =
∫
d4x
(
−
1
2
V (Fαβ)− J
µAµ
)
, (5)
which reproduces the equations of motion (4). The most
general form of the potential V (Fµν) will be an arbi-
trary function of the two invariants F = FµνFµν and
G = ǫαβµνF
αβFµν [12]. Let us observe that the choices
B = 12Fµν dx
µ ∧ dxν ; X = Xµ dx
µ; F = −d ∧ X allows
us to rewrite (1) as a modified B-F action
S(B,F ) =
∫
B ∧ F + SV (B) + SJ,B. (6)
Using the above formulation we now consider the spon-
taneous symmetry breaking effective theory arising from
the action (1), which is obtained by expanding the fields
around the non-zero constant field configuration Cµν
which minimizes the energy and maintains translational
invariance. As it was shown in Ref. [8], starting from the
energy-momentum tensor obtained from the action (1),
such condition is (
∂V
∂Fαβ
)
C
= 0. (7)
Next we expand around the minimum setting
Fαβ = Cαβ + fαβ , Xα = Cα + X¯α, (8)
which defines the physical photon excitations fαβ. The
above expansion leads to the action
S =
1
2
∫
d4x
(
−V¯ − ǫνµαβfαβ∂νX¯µ + fµνJ
µν
)
, (9)
where we have dropped infinite constants together with
total derivatives (assuming that X¯µ goes to zero rapidly
enough at infinity) arising from the shift (8). Here
V¯ = V¯ (fαβ) = V (Cαβ + fαβ). (10)
The equations of motion are the same as in Eq. (3) with
the replacements V → V¯ , Fαβ → fαβ, Xα → X¯α. The La-
grange multipliers can be determined, up to a gauge trans-
formation, from the corresponding equations (3). Their
elimination leads to the final Maxwell equations
Σαβµν(f)∂
αfµν = Jβ , ǫαβµν∂
αfµν = 0, (11)
where we have introduced the full non-linear permeabil-
ity Σαβµν =
∂2V¯
∂fαβ∂fµν
. In the following we restrict our-
selves to potentials such that V = V (F ) only. In this case
V¯ = V¯ (fµνf
µν + 2Cµνf
µν) with V¯ ′(fµν = 0) = 0 being
the translation of minimum condition in Eq.(7).The prime
indicates a derivative with respect to the argument of V¯ .
The expansion (10) yields
(
4(Cαβ + fαβ)(Cµν + fµν)V¯
′′ + 2Iαβµν V¯
′
)
∂βfµν = 0.
(12)
for the first Eq. (11). The notation is Iαβµν = ηαµηβν −
ηανηβµ. The second of Eqs. (11) implies that we can write
fµν = ∂µaν − ∂νaµ.
It is instructive to compare the above Eq. (12) with the
corresponding equation arising from a so called bumblebee
model, where the SLSB is produced by a non-zero VEV
Cµ of the potential Aµ. In this case, starting from the
Lagrangian L(Aµ) = −F
µνFµν/4 − W (A
µAµ), with W
having a minimum at Aµ = Cµ, and expanding Aµ =
aµ + Cµ, the analogous equation results in
∂µf
µν − 2(aν + Cν)W¯ ′ = 0. (13)
Both Eqs.(12) and (13) are non linear, mainly due to the
presence of terms like V¯ ′, V¯ ′′, W¯ ′. Since V and W have
p-2
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a minimum at Cµν and Cµ, the expansion of V¯
′ and W¯ ′
in terms of fµν and aµ starts as (pCµνf
µν) and (q Cµa
µ),
respectively. A question that naturally arises, which is
relevant to study the propagation characteristics of the
Goldstone modes, is to determine the proper linearized
approximation of these equations. In the case of Eq. (13),
it is clear that a correct linear approximation is ∂µf
µν −
2qCµCνa
ν = 0, which preserves the number of original
degrees of freedom of the theory. In the alternative case
of Eq. (12), a naive analysis would suggest that
4V¯ ′′(C)CαβCµν ∂
βfµν = 0, (14)
is the adequate linearized approximation. Nevertheless,
this is not the case and one can verify that Eq.(14) de-
scribes negative degrees of freedom in four dimensions.
The persistence of the term V¯ ′Iαβµν in Eq. (12) is crucial
to maintain the original two DOF arising from the action
(1). In this way, Eq. (12) cannot be linearized around
fµν = 0, but it is necessary to perform this operation
around an additional field fµν0 which is solution of the full
non linear equation (12) and such that V¯ ′(fµν0 ) 6= 0. Let
us observe that V¯ → V¯ (fµνf
µν), in the limit Cµν → 0. In
this way, Eq. (12) does not provide small corrections in
Cµν to standard electrodynamics, but rather to an alter-
native non-linear theory.
(III) The Goldstone theorem. – Our starting
point is the effective potential V (F ), which we assume
to arise in an effective low energy theory that is obtained
by integrating some degrees of freedom up to certain scale
in a more fundamental theory [8]. An stable quantum
theory is to be constructed around the minimum of the
potential given by Cµν . Since the symmetry is broken by
the field strength Fαβ , instead of the potential Aµ, gauge
invariance is preserved from the outset. Usually the GM
are identified as zero mass excitations, but in this case
gauge invariance guarantees that all excitations are mass-
less, which requires an alternative way of identifying and
interpreting such modes.
The corresponding incarnation of the Goldstone theo-
rem is obtained by following similar steps as in the case
of the linear sigma model, for example. We require the
potential V to be invariant under arbitrary infinitesimal
active Lorentz transformations generated by Gµα,
δFµν = GµαF
αν +GναF
µα, (15)
where the invariance condition leads to
0 = δFµν
∂V
∂Fµν
. (16)
Since this condition is valid for arbitrary Fµν , we can take
an additional derivative with respect to Fαβ obtaining
0 =
∂δFµν
∂Fαβ
∂V
∂Fµν
+ δFµν
∂2V
∂Fαβ∂Fµν
. (17)
Next we evaluate the above equation at the minimum of
the potential, which yields
0 = δCµν
(
∂2V
∂Fαβ∂Fµν
)
C
. (18)
The previous equation splits into two cases according to
the choice of the vacuum Cαβ . There are two families
of generators: (i) those Gˆαβ that leave the vacuum Cµν
invariant (δ
Gˆ
Cµν = 0) and for which (18) is automatically
satisfied and (ii) those generators G˜αβ , which do not leave
the vacuum invariant ( δG˜C
µν 6= 0). In the latter case,
(18) implies that the matrix
Σ
(4)
αβµν ≡
(
∂2V
∂Fαβ∂Fµν
)
C
, (19)
has zero modes δG˜C
µν . These are precisely the GM of the
theory.
(IV) The choice of the vacuum and the identi-
fication of the Goldstone modes. – The vacuum is
given by a constant electromagnetic tensor Cµν or equiv-
alently, by a constant electric field e together with a con-
stant magnetic induction b. Those two vectors determine
a plane, which can always be reached by adequate passive
rotations of the coordinate system. We still have the free-
dom to perform a passive Lorentz boost in the direction
perpendicular to the plane. At this stage, two possibilities
arise: (1) e and b are not orthogonal and can be made par-
allel with this boost. (2) e and b are orthogonal and will
remain so after the boost. Choosing the plane of e and b
as the y − z plane we realize such two cases by taking
C1 =


0 0 0 e
0 0 b 0
0 −b 0 0
e 0 0 0

 , C2 =


0 0 e 0
0 0 b 0
e −b 0 0
0 0 0 0

 ,
(20)
respectively. The notation is C = [Cµν ]. This is the most
general parametrization of the vacuum, which was intro-
duced in Ref. [7]. Once we have chosen a vacuum, the
general strategy to identify the Goldstone modes is pre-
sented in the following. We start from an infinitesimal ac-
tive Lorentz transformation upon an antisymmetric tensor
Hµν which can be written in matrix form as
δH = [G, H] , H =[Hµ ν ]. (21)
Let us denote by GA, A = 1, · · · , 6, a convenient choice of
the six independent Lorentz generators, which is adapted
to a given vacuum according to the following considera-
tions. We separate the generators GA into two groups:
(i) the first one {GA˜, A˜ = 1, 2, ..., p}, which includes
the linearly independent generators that do not leave the
vacuum invariant, i. e. [GA˜,C] 6= 0 and (ii) the second
one {G
Aˆ
, Aˆ = p+ 1, 6}, such that
[
G
Aˆ
,C
]
= 0. Con-
sequently, we split the indexes (A) into (A˜, Aˆ). The GM
p-3
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ΘA˜ are then identified as those linearly independent ten-
sors arising from the transformations GA˜ acting on the
vacuum, i.e. ΘA˜ = δA˜C = [GA˜, C] . The linear indepen-
dence of the ΘA˜ is guaranteed by that of the generators
GA˜. It is clear that any linear combination of δA˜C is also
a GM. A basis {ΘA} for the antisymmetric tensor space
is then completed by conveniently choosing the remaining
linearly independent modes ΘAˆ. We find it convenient
to parameterize the action of the Lorentz group upon the
vacuum as
δAC = [GA,C] = R(A)(B)Θ
B, (22)
where R(Aˆ)(B) = 0.
A very compact notation can be achieved by projecting
antisymmetric tensor indices K....µν.... into the basisΘ
A =
(ΘA˜, ΘAˆ), by defining K...(A)..... = Θ(A)µνK....µν.... for
each antisymmetric pair of indices µν.
An important information is the transformation proper-
ties of the chosen basis Θ(A) under the associated Lorentz
transformations. Clearly, the transformations δBΘ
(A) are
such that
δBΘ
(A) =
[
GB, Θ
(A)
]
≡ C
(A)
B (M) Θ
(M), (23)
where C
(A)
B (M) is the corresponding representation of the
infinitesimal Lorentz transformation induced by the gener-
ator GB. Given an specific choice of a basis Θ
(A), the co-
efficients C
(A)
B (M) can be readily determined. It will prove
convenient to make use of the SU(2)× SU(2) decomposi-
tion of the Lorentz group. In terms of the standard gener-
ators La,Ka, a = 1, 2, 3 we defineG(αa) = La+αKa, α =
±, which have the following useful properties[
G(αa),G(βb)
]
= 2iδαβǫabcG(βc), (24)
Tr
(
G(αa)G(βb)
)
= 4δαβδab. (25)
There is no summation when a repeated index in one side
of the equation appears as a free index in the other side.
Next we make explicit the above general strategy in the
case of the vacuum C1, defined in Eq.(20. Using the repre-
sentation of the Lorentz generators given in Eqs.(24),(25)
we rewrite
C = −
i
2
ω+G+3 −
i
2
ω−G−3, ωα = −b+ iαe. (26)
From the commutation relations (24) it is clear that we
can choose G+3, G−3 as the linearly independent gener-
ators of the invariance subgroup of the vacuum, which is
isomorphic to T (2). This means that we have the iden-
tification {Aˆ} = {+3,−3} = {α3, α = ± } and that we
have chosen G
Aˆ
: Gα3. The remaining four generators
GA˜ : Gαa˜ , a˜ = 1, 2, {A˜} = {αa˜} give rise to four GM.
In this case it is convenient to define the GM as the ac-
tion of a linear combination of generators acting upon the
vacuum, according to
Θ(αa˜) = ǫa˜b˜
[
Gαb˜,C
]
, ǫ1˜2˜ = +1, (27)
in such a way that they reduce to
Θ(βb˜) = ωβb˜Gβb˜, ωβb˜ = ωβ , (28)
ωβ1 = ωβ2 = (−b+ iβe) ≡ ωβ . (29)
The remaining two linearly independent members of the
basis Θ(A) are chosen to be Θ(γ3) = ωγGγ3, where the
factor ωγ has been inserted for dimensional reasons and
in order to simplify subsequent calculations. Finally, the
basis for the antisymmetric tensor space, which include
the GM, can be written as
Θ(αa) = ωαaGαa, ωα1 = ωα2 = ωα3 = (−b+ iαe).
(30)
From Eq. (27) we identify the remaining coefficients
R(A˜)(B) defined in (22) as
R(αa˜)(βb˜) = −δαβǫa˜b˜ , R(αa˜)(β3) = 0. (31)
Since the Goldstone modes, living in the subspace spanned
by {ΘA˜µν , A˜ = (α, a˜) = 1, 2, 3, 4} , comprise two inde-
pendent electric excitations plus two independent mag-
netic excitations in phase space, they describe at most two
DOF. On the other hand, the two non-GM modes belong-
ing to the subspace with basis {ΘAˆµν , Aˆ = (α, 3) = 1, 2}
can support at most one DOF.
The coefficients C
(A)
B (M) defined in (23), turn out to be
C
(βb)
αa (γc) = 2iǫabcδαβδβγ , (32)
in the modified notation.
The case of the vacuum C2 in Eq. (20) can be dealt
with in a similar manner. Again, there are four GM in
phase space which account at most for two DOF, together
with two non-GM in phase space which can support at
most one DOF.
(VI) Relations among the permeabilities. – As
an extension of the procedure used to derive the Goldstone
theorem in Section (III), let us observe that by taking
additional derivatives with respect to the field strength
on the relation (17) and evaluating them in the vacuum,
we obtain relations among the generalized permeabilities
Σ
(2n)
α1β1α2β2.......αnβn
defined by
Σ
(2n)
α1β1α2β2.......αnβn.
=
(
∂nV
∂Fα1β1∂Fα2β2 ........∂Fαnβn
)
C
.
(33)
Such relations might be relevant by recalling that the ex-
panded potential V¯ (f), together with the full permeability
Σαβµν(f), can be written in terms of them as
V¯ (fµν) =
∑
n=2
1
n!× 2n
Σ
(2n)
α1β1···αnβn
fα1β1 · · · fαnβn , (34)
Σαβµν =
∑
n=2
1
2n−2 (n− 2)!
Σ
(2n)
αβµνα3β3...αnβn
fα3β3 . . . fαnβn ,
(35)
p-4
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respectively.
In fact, taking one additional derivative with respect
to the field strength in (17) and evaluating the resulting
equation at the minimum leads to
(GA)
µ
αΣ
(4)
µβκλ + (GA)
µ
βΣ
(4)
αµκλ + (GA)
µ
κΣ
(4)
αβµλ
+(GA)
µ
λΣ
(4)
αβκµ +
1
2
(δAC
µν)Σ
(6)
µναβκλ = 0. (36)
Again, the relation (36) naturally splits into two cases
according to the choices R(Aˆ)(B) = 0 and R(A˜)(B) 6= 0. Let
us recall that the coefficients R(A)(B) have been already
defined in Eq. (22) and previously evaluated in Eq. (31)
for the vacuum C1. The projection into the basis Θ
(A)
produces
C
(B)
Aˆ (M)
Σ(4)(M)(C) + C
(C)
Aˆ (M)
Σ(4)(B)(M) = 0, (37)
−
1
2
R(A˜)(M)Σ
(6)(M)(B˜)(Cˆ) = C
(B˜)
A˜ (Mˆ)
Σ(4)(Mˆ)(Cˆ),
(38)
respectively. The first of the above equations states that
the components Σ(4)(A)(B) are an invariant tensor un-
der the symmetry subgroup of the vacuum. The sec-
ond one provides a relation between the components of
Σ(6)(A˜)(B)(C) and those of the lower order permeabilities
Σ(4)(Mˆ)(C). Taking further additional derivatives in (17)
and evaluating the result at the minimum we can general-
ize the above statements obtaining
δ
Aˆ
Σ(2n)(B1)(B2)...(Bn) = 0, (39)
δA˜Σ
2n(B1)(B2)...(Bn) = −
1
2
R(A˜)(M) ×
Σ2(n+1)(M)(B1)(B2)...(Bn). (40)
The formulation of the model in terms of the expansion
(34) can be useful in the case where the potential V (F ) is
not known and one is dealing with a bottom-up approach.
(VII) Degrees of freedom (DOF) and propagat-
ing Goldstone modes (GM). – Since we have re-
spected gauge invariance, the two DOF that arise in the
model have to be massless. The propagation properties
of NLED are normally characterized by selecting a given
background fµν0 , solution of the non-linear equations, and
studying perturbations around it, either via the behavior
of field discontinuities across a given surface, which are
determined by the Fresnel equations [9], or just by an ap-
propriate linearization of Eq. (12): fµν = fµν0 +(fL)
µν . In
our case, there is the further condition that V¯ ′(fµν0 ) 6= 0.
The field (fL)
µν will characterize the DOF of the model.
On the other hand, the GM were defined in Section (IV) as
certain linear combinations of electric and magnetic fields
which are null tensors of the fourth order permeability
Σ(4)αβµν . Let us emphasize again that the GM in our case,
are not at all related to any mass matrix. The propagation
properties of the GM, which will depend both upon the
vacuum Cµν and the selected linearization point fµν0 , can
be subsequently obtained by projecting them from the so-
lution (fL)
µν . In fact, as discussed in section (IV), the ba-
sis for the antisymmetric tensor space ΘAµν can be always
divided into two orthogonal subsets: (i) {ΘAˆµν , Aˆ = 1, 2}
arising from the generators that leave the vacuum invari-
ant and (ii) {ΘA˜µν , A˜ = 1, 2, 3, 4, Θ
A˜αβΘB˜αβ = NA˜δ
A˜B˜},
which span the subspace containing the GM. Then, the
contribution of the GM to the propagating DOF of the
model is given by
f (GM)µν =
∑
A˜
1
N A˜
(
Θ(A˜)αβ(fL)
αβ
)
ΘA˜µν . (41)
The non-GM are given by a similar projection of (fL)
µν
onto the subspace generated by ΘAˆµν . It may well happen
that (fL)
µν has non-zero projection in both subspaces. In
this way, the splitting of the DOF into GM and non-GM
has to be decided in each particular case. The only general
statement that we can make is that the GM can account
at most for two DOF, while the non-GM can account at
most for one DOF.
(VI) Summary and Conclusions. – In this work
we study the spontaneous Lorentz symmetry breaking
arising in non-linear electrodynamics (NLED), induced by
a constant non-zero vacuum expectation value Cµν of the
field strength Fµν . In this way gauge invariance is main-
tained from the outset and all excitations are massless.
The main point we deal with is the reinterpretation and
characterization of the Goldstone theorem in this situa-
tion. Since our basic field is Fµν we consider a first order
formulation of NLED, which is different from the stan-
dard Plebanski formulation and has some advantages in
this case: the excitation fields (D,H unified in Pµν) are
directly given in terms of the field strengths (E,B unified
in Fµν), without the need of inverting the non-linear rela-
tion Fµν = Fµν(Pαβ). We start from an action including
a Lorentz invariant potential V (Fµν), which we assume to
arise from a fundamental theory, having an absolute mini-
mum at Fµν = Cµν , that defines the vacuum of the model.
With this potential, the action S(Fµν , Xα) in Eq.(1) is
constructed, which includes Lagrange multipliers Xα re-
quired to recover the Bianchi identity for the field strength
in the final NLED. This action describes two DOF. Under
the conditions of constant field configurations, the vacuum
of the model is given by the minimum of V . Expanding
the fields around the minimum defines the physical exci-
tations contained in fµν = Fµν−Cµν . Further elimination
of the Lagrange multipliers leads to a NLED defined by a
Lagrangian L(aµ) = −V¯ (fµν = ∂µaν − ∂νaµ)/2 − Jµa
µ.
The expansion of V¯ in powers of fµν allows for the intro-
duction of generalized permeabilities Σ
(2n)
α1β1α2β2.......αnβn
in
a manner similar to when the polarization is expanded in
terms of the susceptibilities when studying non-linear ef-
fects in standard optics [13]. In the limit of small SLSB
(Cµν → 0) our model does not reduce to standard elec-
p-5
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trodynamics plus small corrections, but instead produces
corrections to an alternative NLED. Only after a further
linearization fµν = fµν0 + (fL)
µν , where fµν0 is some ex-
act solution of Eqs.(12), we obtain terms proportional to
(fL)µν(fL)
µν in the Lagrangian, thus making contact with
the photon sector of the SME.
The imposition of active Lorentz invariance upon the
potential V , together with further iterations of the proce-
dure leading to the Goldstone theorem, yields the follow-
ing properties of the permeabilities: (1) Σ
(2)
αβ = 0, which is
just a consequence of the minimum condition. (2) Σ
(4)
αβµν
has zero modes Θ˜µν , which are the Goldstone modes of
the model, that are generated by the infinitesimal active
Lorentz transformations which do not leave the vacuum in-
variant. This constitutes the statement of the Goldstone
theorem in our case. (3) the permeabilities Σ
(2n)
α1β1.......αnβn
are invariant tensors under the transformations that leave
the vacuum invariant. (4) those transformations that do
not leave the vacuum invariant impose relations among
the permeabilities of order 2n and order 2n+ 2.
Next we identify the Goldstone modes. In the case of the
Lorentz group in four dimensions, only two inequivalent
vacua exist. Choosing the SU(2) × SU(2) representation
of the Lorentz generators, both cases can be deal with in
analogous form, provided e2 6= b2. We have verified that
for any choice of the parameters e and b, which define the
vacuum, there are always four generators GA˜ that do not
leave the vacuum invariant, plus two generators G
Aˆ
that
leave the vacuum invariant. That is to say, the invariant
subgroup of the model is always isomorphic to the trans-
lation group in two dimensions T (2). The partition of the
generators implies that the basis for the antisymmetric
tensor space can be split into two orthogonal sets {ΘA˜µν}
and {ΘAˆµν} in phase space, which span the GM and the
non-GM respectively. This means that the GM can sup-
port at most two DOF while the non-GM can account at
most for one DOF.
The propagating properties of the DOF of the model
are dictated by (fL)
µν , which is obtained as a solution of
the linearized equations of motion. In our case, the ki-
netic term of the equations of motion depends upon the
linearization process and one has to be careful in keep-
ing it in order to maintain the initial two DOF. This is a
main difference with a standard bumblebee model, where
the kinetic term is independent of the approximation con-
sidered in the potential. The propagation properties of
the GM are subsequently obtained by projecting (fL)
µν
in the corresponding subspace. A detailed description of
such properties is beyond the scope of the present letter
and it will be discussed elsewhere.
∗ ∗ ∗
L.F.U is partially supported by the projects DGAPA-
IN111210, DGPA-IN109013, together with a sabbatical
fellowship from DGAPA-UNAM. He also acknowledges
the hospitality of the Facultad de F´ısica, together with
support from the Programa de Profesores Visitantes, at
the Pontificia Universidad Cato´lica de Chile. C.A.E ac-
knowledges support from a CONACyT graduate fellow-
ship as well as partial support from the project DGAPA-
UNAM-IN109013 and the program PAEP at UNAM.
REFERENCES
[1] Colladay D. and Kostelecky´ V. A., Phys. Rev. D, 55
(1997) 6760.
[2] Kostelecky´ V. A., Proceedings of the Meeting on CPT
and Lorentz Symmetry (World Scientific) 1999; Proceed-
ings of the Second, Third, Fourth and Fifth Meeting on
CPT and Lorentz Symmetry (World Scientific) 2001, 2004,
2007, 2010, respectively.
[3] Kostelecky´ V. A. and Samuel S., Phys. Rev. D, 39
(1989) 683.
[4] Kostelecky´ V. A., Phys. Rev. D, 69 (2004) 105009.
[5] Bjorken J. D., Ann. Phys. (N. Y.), 24 (1963) 174;
Nambu Y., Suppl. of the Prog. Theor. Phys., Extra Num-
ber, (1968) 190; Chkareuli J. L, Froggat C. D. and
Nielsen H. B., Phys. Rev. Lett., 87 (2001) 091601.
[6] Kostelecky´ V. A. and Potting R., Gen. Rel. Grav.,
37 (2005) 1675, Int. J. Mod. Phys., D14 (2005) 2341,
Bluhm R. and Kostelecky´ V. A., Phys. Rev. D, 71
(2005) 065008; Azatov A. T. and Chkareuli J. L.,
Phys. Rev. D, 73 (2006) 065026; Chkareuli J. L. and
Jejelava J. G., Phys. Lett., B659 (2008) 754; Bluhm
R., Gagne N. L., Potting R. and Vrublevskis A.,
Phys.Rev. D, 77 (2008) 125007; Chkareuli J. L., Frog-
gat C. D. and Nielsen H. B., Nucl.Phys., B821 (2009)
65; Franca O.J., Montemayor R. and Urrutia L.
F., Phys. Rev. D, 85 (2012) 085008.
[7] Altschul B., Bailey Q. G. and Kostelecky´ V. A.,
Phys. Rev. D, 81 (2010) 065028.
[8] Alfaro J. and Urrutia L. F., Phys. Rev. D, 81 (2010)
025007.
[9] Plebanski J., Lectures of non-linear electrodynamics,
Nordita, Copenhagen, 1968 (Nordita) 1970.
[10] Jackson J. D., Classical Electrodynamics (John Wiley
and Sons, Inc., USA) 1999.
[11] Schwinger J., Particles, Sources and Fields: Vol. 1
(Perseus Books, Reading, Massachusetts) 1998.
[12] Escobar C. and Urrutia L. F., Journal of Matematical
Physics, 55 (2014) 032902.
[13] Boyd R. W., Nonlinear Optics (Academic Press, New
York) 2008.
p-6
